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LOCAL BOUNDARY RIGIDITY
OF A COMPACT RIEMANNIAN MANIFOLD
WITH CURVATURE BOUNDED ABOVE

CHRISTOPHER B. CROKE, NURLAN S. DAIRBEKOV,
AND VLADIMIR A. SHARAFUTDINOV

ABSTRACT. This paper considers the boundary rigidity problem for a compact
convex Riemannian manifold (M, g) with boundary OM whose curvature sat-
isfies a general upper bound condition. This includes all nonpositively curved
manifolds and all sufficiently small convex domains on any given Riemannian
manifold. It is shown that in the space of metrics ¢’ on M there is a C32-
neighborhood of g such that g is the unique metric with the given boundary
distance-function (i.e. the function that assigns to any pair of boundary points
their distance — as measured in M). More precisely, given any metric ¢’ in
this neighborhood with the same boundary distance function there is diffeo-
morphism ¢ which is the identity on &M such that g’ = ¢*g. There is also a
sharp volume comparison result for metrics in this neighborhood in terms of
the boundary distance-function.

1. STATEMENT OF THE RESULT

The general boundary rigidity problem reads: to which extent is a Riemann-
ian metric on a compact manifold with boundary determined from the distances
between boundary points? More precisely, it can be formulated as follows.

Let (M, g) be a compact Riemannian manifold with boundary M. Let ¢’ be
another Riemannian metric on M. We say that g and ¢’ have the same boundary
distance-function if dgy(z,y) = dg (z,y) for arbitrary boundary points z,y € dM,
where dg (resp. dg) represents distance in M with respect to g (resp. ¢'). It is
easy to give examples of pairs of metrics with the same boundary distance-function.
Indeed, if ¢ : M — M is an arbitrary diffeomorphism of M onto itself which is the
identity on the boundary, then the metrics g and g’ = ¢*g have the same boundary
distance-function. Here ¢’ = ¢*g is the pull-back of g under ¢ (i.e., for arbitrary
vectors &,m € T, M we have (£,1)7, = (©«&, ©«0) (), Where @, : T, M — T,y M is
the differential of ¢ at « and ( , ) (resp. (, )’) is the inner product with respect to
the metric g (resp. ¢')).

We say that a compact Riemannian manifold is boundary rigid if this is the
only type of nonuniqueness. More precisely, (M, g) is boundary rigid if, for every
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Riemannian metric ¢’ on M with the same boundary distance-function as g, there
is a diffeomorphism ¢ : M — M which is the identity on the boundary and for
which ¢’ = p*g. It was conjectured in [Crl] that, SGM-manifolds (SGM —“strong
geodesic minimizing”) are always boundary rigid. This conjecture holds in a number
of cases (see for example [Cr2], [MI], and [Oft]).

In the present article we prove “local” boundary rigidity for a compact dissipative
Riemannian manifold (M, g) with a certain upper bound of the curvature. The word
“local” means that we presume ¢’ to be sufficiently close to g. A similar result was
established recently in [SU| for M a convex domain in R™ and the metrics g and ¢’
sufficiently close to the Euclidean metric.

We recall that (M, g) is a compact dissipative Riemannian manifold (CDRM)
if M is compact, the boundary OM is strictly convex, and for every point x € M
and every nonzero vector { € T, M the maximal geodesic v, ¢(t), satisfying the
initial conditions 7y, ¢(0) = x and 4, ¢(0) = £, is defined on some bounded interval
[T— (l‘, 5)7 T+ (J?, g)]

Let QM = {(z,§) | x € M, € T, M, || = 1} stand for the unit sphere bundle
of M. The boundary 9Q2M is the union of two submanifolds

0+OM = {(2,8) € QM |z € OM, £(§,v(z)) >0}
of inward and outward vectors. Here v is the unit outward normal to OM.
Given (z,¢) € QM, we denote by K(z,£) the maximum of the sectional curva-

tures of all two-planes o C T, M such that £ € o.
For (M, g) a CDRM, we define the following invariant:

T+(I,§)

(1.1) k*(M,g) = sup EK T (Yo e (), A g (1)) dt,
(2,6)€0_QM

where
K™ (x,€) = max{0, K (z,€)}.

In particular, k™ (M, g) = 0 if (M, g) is nonpositively curved.

Given a natural number k£ and a real number o, 0 < a < 0, we denote by
Difff*(M) the set of all diffeomorphisms of M onto itself that are the identity on
the boundary and are given by functions of class C’lkof in local coordinates of M.
We endow Diﬁg’a(M ) with the C*“-topology, defining some C*“-norm by means
of a finite atlas and a subordinate partition of unity. The resultant topology is
clearly independent of the choice of the norm.

We let C*<(527,) stand for the space of C*®-smooth covariant symmetric
tensor fields of degree 2 on M. We endow C*(S27,,) with the natural C**-
topology. Then C*%(S%7},) becomes a topological Banach space, i.e., a topological
vector space whose topology can be defined by some norm making it a Banach space.

Now, we are in a position to formulate our main result.

Theorem 1.1. Let a CDRM (M, g) satisfy the condition
(1.2) kT (M,g) < 1/3.

Then there is a neighborhood W C C**(S?7},) of g, with any 0 < a < 1, such that
if a metric g' € W has the same boundary distance-function as g, then there exists
a diffeomorphism o : M — M in Diffg’“(M) such that g’ = ©*g; moreover, ¢ tends
to the identity as g’ tends to g (both in C>*-topology).
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Remark. Condition (1.2) implies the simplicity of (M, g); cf. p. 120 of [Sh2]. This
means that every pair of points p,q in M can be joined by a unique minimizing
geodesic segment 7y,, that varies smoothly with p and ¢. Inequality (1.2) holds for
instance when M is nonpositively curved or is a sufficiently small convex piece of
an arbitrary Riemannian manifold.

The “infinitesimal” version of this “local” theorem was proved in [Shi]. The
infinitesimal version says in particular that if g satisfies the condition of the theorem
and if g; is a smooth one parameter family of Riemannian metrics on M with g9 = g,
all having the same boundary distance-function, then g; is isometric to g. “Local”
uniqueness theorems can be considered part of a program for proving finiteness
theorems (the other part being compactness results).

The problem considered here is closely related to the isospectral problem (length
and eigenvalue spectra) for compact manifolds of negative curvature without bound-
ary. In [Cr-Sh] following the earlier work of [GK] the “infinitesimal” version was
proved. Also see [Sh3|] for results in the Anosov case. However, not all of the tech-
niques used here can be extended to that case (for which a number of compactness
results already exists; see for example [An] and [BPP]). However the results of Sec-
tion 2l do extend. The main problem in extending these results to the no boundary
case lies in the non-existence of an appropriate “approximate Liv¢ic theorem”.

In the next few paragraphs we explain how the paper is organized. Each section
treats a different aspect of the problem and many sections work more generally
than when dy = dy. For example, Sections Pl and [ deal with any two sufficiently
close metrics while Section B] deals with a metric ¢’ near a simple metric g such
that dg (x,y) > dg(z,y) for all z,y on the boundary.

In Section Plwe “shift” any tensor g’ which is sufficiently close to a given metric
g to a solenoidal one with respect to g. That is, we find a diffeomorphism ¢ €
Diffg’a(M ) such that the pull-back g' = ¢*¢’ of ¢’ is a solenoidal tensor field with
respect to g (i.e., the g-divergence of g' is 0).

In Section [3, we show that if ¢g' is sufficiently close to a simple metric ¢ and if,
for all pairs  and y on the boundary, dg (z,y) > dy(x,y), then the ray transform
If of the tensor f = g! — g is nonnegative (i.e. If(7) > 0 for every geodesic ray v
from a boundary point to a boundary point). Also using Santald’s formula we see
that A = (g, f)Lz(SzTJ/w) > 0.

In Section [, we consider the volume of metrics g' which are sufficiently close
to a given metric g. We show that if Vol(g') < Vol(g), then the tensor f = g* — g
satisfies A < %Hinz(SQT]/W)'

In Section [{, we consider metrics g! close to a given dissipative metric g which
induce the same Riemannian metric on the boundary as the one induced by g. The
ray transform of f = g' — g satisfies a number of useful properties that are exploited
in Section [6

In Section[6], we complete the proof of the main theorem with the help of Pestov’s
identity. In fact we show

Proposition 1.2. For any metric g satisfying the assumptions of Theorem 1.1
there is a neighborhood W C C3%(S?7),) of g, with any 0 < o < 1, such that if
a metric ¢ € W induces the same Riemannian metric on the boundary as g and
dg (z,y) > dg(x,y) for all boundary points x and y, then Vol(g') > Vol(g) with
equality if and only if ¢’ is isometric to g.
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The main theorem follows directly from this since if ¢’ and g have the same
boundary distance-function, then they induce the same Riemannian metric on the
boundary and they have the same volume.

Proposition 1.2 may be of some independent interest since little is understood
about how inequalities between the boundary distance functions might relate the
volumes of Riemannian manifolds with boundary (see for example Gromov’s notion
of the filling volume |Gr|). The corresponding statement for the compact without
boundary case would be: If ¢ is a metric on a compact negatively curved manifold
M and ¢’ is a metric sufficiently close to g and such that the g’-length of each free
homotopy class is > the g-length, then Vol(g’) > Vol(g) with equality holding if
and only if ¢’ is isometric to ¢g. This statement remains an open question, but the
results in this paper lend it support.

2. SHIFT OF A TENSOR FIELD TO A SOLENOIDAL ONE

Theorem 2.1. Let (M, g) be a compact Riemannian manifold with convex bound-
ary and let k > 2 be an integer and 0 < o < 1 a real number. Then for every neigh-
borhood U C Diﬂ’g’“(M) of the identity there is a neighborhood W C C*(S%7},) of
the metric tensor g such that for every metric g' € W there exists a diffeomorphism
@ € U for which the tensor field p*g' is solenoidal; i.e., 6(¢*g’) = 0, where § is the
divergence in the metric g.

Remark. The assumption that the boundary is convex slightly simplifies the proof
of the theorem but is not essential for its validity. A similar theorem holds for a
closed (M, g) under the assumption that there exists a dense geodesic in QM.

The proof consists in applying a Banach space version of the implicit function
theorem. To this end, we first of all must realize some neighborhood of the identity
in Diff"*(M) as an open set in a Banach space.

Denote by C’g ““(1as) the topological Banach space of vector fields of class C*
on M which vanish on M. Let € be the open neighborhood of the zero in
Cg’a(TM) (k > 1) which consists of the vector fields v satisfying the inequal-
ity |Vu| < 1. This inequality and the boundary condition v|sas = 0 imply that
|v(z)| < dist(z, M) for all z € M. Therefore, the mapping

(2.1) ey : M — M, ey(z)=exp,v(z),

is well-defined for all v € Q. It is easy to check that there is some smaller neigh-
borhood Q' C Q of zero in CF*(75r) such that e, € DiffS*(M) for v € . The
mapping

(2.2) Q' — Difff* (M), v e,

is continuous. The inverse of (2.2), ¢ +— vy, is defined for ¢ € Diff£* (M) suf-
ficiently close to the identity as follows: wv,(x) = %(0), where v : [0,1] — M is
the geodesic such that v(0) = z and (1) = ¢(z); the existence of this geodesic
is guaranteed by the convexity of the boundary. We thus establish that (2.2) is a
homeomorphism of the neighborhood €’ of the zero in the Banach space C’g ()
onto some neighborhood of the identity in the space Difflg’a(M ). Therefore, the
theorem will be proven once we prove the following assertion.

Lemma 2.2. Under the conditions of Theorem 2.1, let Q) C Cg’a(TM) be a neigh-
borhood of zero such that the mapping (2.1) is defined for all v € Q. Then there
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exists a neighborhood G C Cg’a(Ssz’w) of zero and a continuous mapping B : G —
such that 3(0) = 0 and the tensor field (eg(s))*(g + [f) is solenoidal (in the metric
g) for all f € G.

Proof. Consider the mapping

(2.3) F:Qx Ck’o‘(S2T1'VI) — Ckfz’o‘(ﬁ/\/[)
defined by
(2.4) F(v, f)=4d(es(g+ f)), veNC Cg’a(TM), fe Ck’a(SQTJ/\/[).

We need to show that F is continuous and has continuous partial derivatives F,
and FJ'C To this end, represent I’ as the composition

(2.5) F(v, f) = 6R(v,g + f),

where 6 : C*=1L(S%7) ) — C*k=2.2(7),) is the divergence in the metric g and the
mapping

(2.6) R:Qx O (8%r),) — Ck=1be(8%7))

is defined by

(2.7) R(v, f) = ey f.

Since § is a first order linear differential operator, we have

(2.8) Fi(v.f) =0R,(v,g+ f), Fi(v,f)=0R}(v,9+ f).

Hence, the matter is reduced to verifying the continuity of the function R and of
its derivatives R, and R/.

Let (z!,...,2") be a local coordinate system on M with domain U C M. For
x € U and a sufficiently small vector £ € T, M, the point exp, & belongs to U as
well; we denote the coordinates of this point by (E!(xz,&),..., E™(x,£)). According
o (2.1), the point e,(x) has coordinates (e} (x),...,e7(x)) with

» v
(2.9) el (x) = E'(z,v(x)).
Now, (2.7) is rewritten in coordinates as

4 q
_0eb Oel

(2.10) (R(’U,f))ij = 8xi 81)j

quoev,

For every vector field v € C2®(7a), the function e®(x) is of class C*®. The fact
that the right-hand side of (2.10) lies in the space C*¥~1%(S27} ) and that it has
continuous dependence on (v, f) follow from the two facts:

(a) if ,% € C*<, then the product o1 also belongs to C* and the mapping
Che x Ok — OFa (p,1) — @), is continuous;

(b) if ¢, € C* (k > 1) and the composition ot is defined, then potp € C*<
and the mapping C** x CH® — CFa  (p,4)  po1, is continuous.

Since the mapping (2.6) is linear in f, the partial derivative R} is given by the

expression R}(v, f)f: e;‘jf and its continuity ensues from the same arguments as
for R.
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Differentiating (2.10) with respect to v, we find (using fpq = fqp) the partial
derivative R):

~ 0eb 9(Del)  Jeb O(Del)
(Rolo: )y = <8:ci o0 T ow am ) Irce

- 0eb 0ed Of,
+(Dey) dz't Oxd 835"(1 o

(2.11)

where De! is the variation of the function e! which by (2.9) is given by the expres-

sion
. OF°
(2.12) De; = oEr (z,v(zx))v"(x).
On using (2.11) and (2.12), the continuity of R, follows from the same arguments
as above.
We now compute F)(0,0). Setting v =0, f = g in (2.11), (2.12) and using the
relations
, - OFE? ,
eylv=0 = 2°, a—gr(m,O) =4y,
we find

- ovP ovP  0gj
/ — g — 2 ZIUp
(R, (0, g)v)ij = Gip O + 9jp Oz + P

Rewriting the partial derivatives 99”/dz° in terms of the covariant derivatives
VivP = 0vP [0x* + T}, 09, we arrive at the equality
(R,,(0,9)0),; = Vit + V;0; = 2(dv)y,

where U; = g;;07 and d = oV is the symmetric part of the covariant derivative in
the metric g. Thus we have shown that

(2.13) R.(0,g) = 2d.
From (2.8) and (2.13) we see that
F/(0,0) = 8R.(0, g) = 25d.

As shown in Section 3.3 of [Sh2|, the Dirichlet problem for the operator dd is
elliptic and has zero kernel and cokernel in appropriate Sobolev spaces. Now, the
Schauder-type estimates of [ADN] for elliptic boundary value problems in the spaces
C*< imply that the operator

Fé(oa 0) =4dd: Cg’a(TM) N Ck—Q,oz(SQTI/V[)

has a continuous inverse.

We have thus verified that the function (2.3) satisfies all conditions of the implicit
function theorem [KA|. This theorem guarantees local solvability of the equation
F(v, f) = 0 in v over a neighborhood of the point (v, f) = (0,0), which completes
the proof of Theorem 2.1.
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3. NONNEGATIVITY OF THE RAY TRANSFORM AND SANTALO’S FORMULA

In what follows, some notions (the ray transform, the vertical and horizontal
derivatives, the Pestov identity, and so on) are used without definitions. The defi-
nitions can be found in [Sh2].

For a tensor field f € C%(S%7),) on a simple Riemannian manifold we define the
ray transform If as a map from {v | v : [0,1] — M is a geodesic segment between
boundary points} to the reals defined by

1
If(v)= / Fii (YA ()37 (¢) dt.
0

The first goal of this section is to show:

Proposition 3.1. If (M,g) is a simple Riemannian manifold, then there exists
e > 0 such that if f € C?(S?7},) satisfies

I fllcz(s2r,) <€
and if for every pair x,y € OM the metric g' = g+ f satisfies
dg1 (1[,', y) 2 dg(x; y)v
then If > 0.

Let (M, g) be a simple Riemannian manifold (which implies in particular that
the boundary of M is strictly convex). Let € > 0 be so small that for every
[ € C?(S%7},) such that

(3.1) I fllcz(s2ry,) < e

the metric
g =g+7f (0<7<1)

is also simple for every 7 € [0, 1].
Fix two points p,q € OM and let

Vot [0, 1] — M, ’y-,-(O) =D, 'Y‘r(l) =q

be the geodesic of g™ between p and q. The simplicity of the metrics g™ guarantees
that the 7, vary differentiably. Denote the energy of v, by E(7):

(3.2) E(r) = / g7 dt = / 07, (9 ()42 ()33 (1) .
Yr 0

Then E(7) is a C%-smooth function on [0, 1] and (since %|5:7— f‘w gTdt =0)

1
(33) E'(r) = (0w = [ £ ®)iE 030 dr
0
where I7 is the ray transform in the metric g”.
Proposition 3.1 now follows from:

Lemma 3.2. The function E(T) is concave on [0,1]; i.e., E” (1) <0.
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Proof. Let 0 <7 < 7" < 1. Since 7, is an extremal for g7, we can write

E(T')z/gT/dt:/(g7+(7/—7')f) dt:/gTdt—l—(T'—T)/fdt

Vot Vot Yo

2/gTdt—l—(T'—T)/fdtzE(T)—l—(T'—T)E'(T').

Ve
Thus,
E(r) - E()
4 E'(r) <
(3.4) () s ==
Similarly
E(r) :/gTdt:/(gT/ ~ (' =7)1) dt:/gT'dt— (T’—T)/fdt
Y Y Y YT
> /gT/ dt — (7' — T)/fdt = E(r") — (7' — 1)E'(7).
Yrt VT
Thus,
E(r') - E(7)
. E(r)> ————~.
(35) CEE e
Comparing (3.4) and (3.5), we obtain E’(7) > E’(7'), completing the proof of the
lemma.

We now recall the Santald formula [S]]:

(3.6)
0

/ F(x, €) dS2n (z, €) = / (6, 0()) / F(ree(t), e (t)) dt | 45202z, )

QM 0L QM T (x,8)

whenever F' € C(QM).
Taking F(z,£) = fi;j ()¢, from (3.6) we deduce

/ / €67 duo(©) | fiy () AV () = / (@) I f (2,€) S22 (2, €).
Q.M

M 2, QM

In the above and in the rest of the paper If(z,§) is the ray transform applied to
the geodesic 7z,¢ which is parameterized by arc length on [7_(x, ), 0]. Proposition
3.1 applies to these geodesic segments by a simple reparametrization.

The left-hand side of this equality is nothing but (1/n)A with

A= (9, [)La(s27y,)

We thus arrive at the formula

(3.7) A=n / (&) fdx?n2,
9+ QM
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Observe that A = (g, f)L,(s2r,) is half of the derivative of the volume of the
manifold (M, g"™) with respect to 7 at 7 = 0. So we proceed with studying the
volume of (M, g7).

4. VOLUME OF THE METRIC ¢g" =g+ 7f
The purpose of this section is to prove:

Proposition 4.1. Let (M,g) be a compact Riemannian manifold with boundary.
There ezists an € > 0 such that if f € C(S%7},) satisfies

I fllc(s2ry,) <€
and if Vol(g + f) < Vol(g), then
2
A= (9 Draesrriy) < FI M2y,

Proof. We choose a domain D C R™ and a smooth mapping D — M that carries D
diffeomorphically onto an open set of M whose closure coincides with M. Denote
the volume of M in the metric g™ = g + 7f by V(7). Then

(4.1) V(r) = /(deth)l/Q dz.

We represent the integrand of (4.1) as follows:
detg” = det(g + 7f) = detg - det(E + 79~ f);

(4.2) detg™ =detg - (14 M7+ Xo72 + - + X\ 7"),

where Ay is the k-th elementary symmetric function in the eigenvalues 1, ..., tn
of the matrix g~ f. The eigenvalues are real. Note that

(4.3) (9.f)=f=N

and

(4.4) fI? = Fig £V = Zuk =M -2

Our assumptions and (4.4) imply the estimate
(4.5) Ak < Crlf|F < Cpe”.
Using the inequality

1 1
\/1+m21+§m——x2 (Jz] <

1
4 2)

from (4.2) we obtain

(detg™)Y? > (detg)'/? {1+ (AT + Xom2 4 4 A T™)

1
—Z()\lT T VY i N /\nT")Q} .

With the help of (4.5), the last inequality implies the estimate
1

1 1
(deth)l/2 > (detg)l/2 [1 + 5)\17 + (5)\2 — 1)@)72 - Ce|f|27'3]
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with some constant C' depending only on n. Expressing Ay through A\; and |f|? by
(4.4) and inserting the resultant expression in the preceding inequality, we obtain

1 1
(detg™)!/? > (detg)'/* |1+ Sha7 — Z|f*r? = Ce[ 7
Integrating this inequality over D, we discover that
1 1
V(r) 2 V(O0) + GAr = 71713, - Cel I
Since V(1) < V(0), this inequality implies that
1
A< (5 +Ce)If 117, (s2re,)-
Choosing an appropriately small €, we may conclude that

2
A< §||f||2L2(s2T;V,)-

5. LOCAL ESTIMATES FOR [If NEAR 0gQQM

On a CDRM M, the definition of the ray transform

0
(5.1) If(z.€) = / Fii (e (032 e (Dt ((2,€) € 0,0M)
T (z,8)

and smoothness of the function 7_(x, ) on 04 QM (see Lemma 4.1.1 of [Sh2]) imply
the boundedness of the ray transform in the C*-norms

(5.2) 11 fllero,anny < Crllfllers2ey,)-
The condition that the metrics g and g + f induce the same metric on M is
(5.3) fij(x)€n? =0 for z€oM; &neT.(OM).

Lemma 5.1. If M is a CDRM and a tensor field f € C?(S%1},) satisfies (5.3),
then the ray transform I f vanishes on the boundary 0yQQM of the manifold 0, QM
together with all its first order derivatives.

Proof. In a neighborhood of a point zyp € M we can choose semigeodesic coordi-
nates (z!,...,2") such that |2"| coincides with the distance from = to M. In this
coordinate system, g;, = d;;, and the Christoffel symbols satisfy the relations

]'—w';ln = P?n = Oa an = _ga’yrgy'

(In this and subsequent formulas, Greek indices vary from 1 to n — 1; and repeated
Greek indices imply the summation from 1 to n — 1 as usual). The outward unit
normal vector v to M has coordinates (0,...,0,1), and ({,v) = & = §,. The
second fundamental form of M

H(fag) = _Fgﬁ(xlv ce 7xn—1, 0)5045[3

is positive definite because of the strict convexity of the boundary. Condition (5.3)
is written in the chosen coordinates as

(5.4) Faplaneo = 0.
Let (x!,...,2™; &Y, ... €") be the associated coordinate system on TM. Then
(... 2" gl L0 €™) constitute a local coordinate system on O(T'M). The
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submanifold 04QM of 9(T'M) is determined in these coordinates by the rela-
tions g;;(2)€'¢7 = 1, " = &, > 0; and its boundary 9yQQM is determined by
Jap(2)E*EP =1, £" =0.

The equality
(5.5) 7—(z,§)
is evident. We will now find the derivative

(x,€) € )(TM),£ # 0, we denote by
V2, 8) = (v (G2, 6), . 7" (2, €))

the geodesic in M that satisfies the initial conditions

Y 0;2,€) = 2%, Y(0;2,8) =0, A (0;2,8) =€

e=0=0  ((z,§) € 9(TM))

% . To this end, given a point

£€n=0

The equation
Y (t2,6) =0

has two solutions ¢ = 0 and ¢ = 7_(x,&). Representing the function " (¢;z, &) in
the form

n 1 n «
7" (t:2,€) = &t = STas(R)EE + o(ty 0, OF
with some smooth function (t; z, ), we see that 7_(z, §) satisfies the equation
1
&n = STap@)E " (2,€) + 9(7- (2, 2,)72 (2,€) = 0.

Differentiating this equation with respect to &, and putting &, = 0, we obtain

(5.6) or-@o)  _, (T75(2)€2€%)
On g0
We have to prove that
o f)
5.7 Ifle,=0 =0, =0.
(5.7) fle.=o I

The first of these equalities follows from definition (5.1) and (5.5). To prove the
second one, we rewrite (5.1) in the form

0
(58) @8 = [ Foga,
T (2,6)
where
(5.9) F(t;2,€) = fii(v(t2, )3 (62, €)Y (62, ).
Differentiating (5.8), we obtain
0
olf) _ o , / OF(t;x,€)
%, aan(T_(x,g),m,f)—l— oc. dt.
T (2,6)

Putting &, = 0 in this formula and using (5.5), we derive
(5.10) oLf) = {—iF} .

8€n 577/:0 8€7L t=07£ﬂ=0
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In view of (5.4), equality (5.9) implies
Fli=o£,=0 = fap(z)§*” = 0.

This relation together with (5.10) implies the second of equalities (5.7). The lemma
is proved. O

Corollary 5.2. Let
L:C>®(0+0QM) — C*(0:0QM)

be a first order linear differential operator with smooth coefficients on the manifold
OLQM. If f € C*(S?71),) is a tensor field satisfying (5.3), then the estimate

(5.11) IL(Lf)(z, E)| < C& v@) flle2s2ry,
holds with some constant C independent of f.

Proof. For (x,&1) € 04QM, we can choose a curve t — &, 0 <t < 1, in the sphere
Q.M which joins & with a point & such that

(o) =0, (vt 0, || =

By Lemma 5.1, L(If)(z,&) = 0. Therefore,

= <£1, ().

1
L&) = [ LU &) d
0

The integral in this formula admits the estimate

Cil gt < Clliflen - (€0, ()

1
|L(If)(x,&)] grad(L(If)) xftw
</

which, together with (5.2), gives (5.11).

Lemma 5.3. Let M be a CDRM and a tensor field f € C*(S*1);) satisfy (5.3).
Fir a semigeodesic coordinate system (x',...,x™) in a neighborhood U of a point
xo € OM such that |x"| = dist(z,0M). Then the inequality

v h

(5.12) 1€V Va (If)(@,8) < Cllfllc2 - (€ v(x))

holds for all x € UNOM with a constant C independent of f. Here the summation
from 1 to n — 1 is meant with respect to the index .

Proof. The left-hand side of (5.12) can be written as follows:

0*(Lf)
QreoL™
where L is a first order linear differential operator on 94 QM. On taking Corollary
5.2 into account, estimate (5.12) follows from the inequality

%1
Tt < cle vl

OV, V(I ) = £ +L(If),

(5.13)

So our goal is proving estimate (5.13).
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Differentiating (5.8), we obtain

2 2 T
TUE) T8 b (v, 8):,)

QxoE™ OxIE™
or_(z,&) 0
(5.14) - O P (. in.6)
or_(z,§) OF . O?F(t;x,€)
- T@%(T—(%é),x,f) + / Wdt-
7 (2,§)
Introducing the notation
(5.15) o(x,8) = F(r-(z,8);z,§),
we have
oF dp(x, oF or_(x,
o gyae) = 20TE Oy () 0]

Substituting this expression into (5.14), we obtain

FP(f(x,8)  IP1(x,8)
oreden  — greoen Y0

B 87’55: £) (8808(;,15) + %—5(7_(3375)955’5))

(5.16)

dt.

0
re9oes [ Prng
oE™ ox™ Qr*IE™

T (2,£)
Formulas (5.9) and (5.15) imply the estimates

[Fllox < Cllfllex,  Neller < Cllfllox
for every k. Therefore (5.16) implies the inequality

0*1f(,¢)
OxOE™
Op(z, or_(z,
< ¢ (lote 01 +| 255+ |22 1 fllor + r- @)1 11w ).
The latter inequality would imply estimate (5.13) if we demonstrate that
(517) @) <Ol @), P20 < ol ),
0

519 @Ol < Clerolflon 255 < oo

Estimates (5.17) are evident because 7_(z,§) and J7_(x.§)/0x® are smooth
functions on 04 QM vanishing on the boundary 0y2M which is determined by the
equation (£, v(x)) = 0.

To prove estimates (5.18) we first note that the function ¢(z,£) (and, conse-
quently, dp(x,&)/0x*) vanishes on 9yQM. Indeed, 7—(x,£) = 0 for (x,£) € OeQM,
and definitions (5.9) and (5.15) give us

p(x,8) = fij(x)E'¢.
Since fap(x) =0 (1 < a,8 <n—1) and " = 0, this implies that ¢(z, &) = 0.
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Given a point (z,£) € 0+QM, we can join it with a point (z,&y) € QM by
a curve (z,&) € 0+0QM (0 < t < 1) such that |d&/dt| = (&1, v(x)). Using the
representations
1 1

o) = [ 5 ewena. EEE - [ L (22w

0 0

SN

we obtain the estimates

1
o) < [ lellor |
0
2efn) /HH2

Oz~
that are equivalent to (5.18). The lemma is proved.

<O v@)fler

Ll 4t < cler, v(@) fles

6. PROOF OF THEOREM 1.1

To prove the main theorem, it is sufficient to prove Proposition 1.2. Thus we
let (M, g) satisfy the hypotheses of Proposition 1.2 and let g' be a metric C*<-
close enough to g and such that the boundary distance-functions satisfy dg: (x,y) >
dg(x,y) for all z,y € OM, the induced Riemannian metrics on M coincide, and
Vol(g1) < Vol(g). We will show that ¢! is isometric to g. In view of Theorem
2.1, we may assume that the tensor field f = g! — ¢ is solenoidal and satisfies the
inequality || f|lc2(s2+,) < € with an arbitrary small e > 0. By choosing ¢ sufficiently
small and applying Proposmon 3.1, equation (3.7), and Proposition 4.1 we see that
the tensor field f satisfies

(6.1) 5f =0,
(6.2) I fllc2s2ry,y <€,
(6.3) If>0,
2n—2 2 2
(6.4) n (VI fdE™" = A < 2l fllza(s2ry,)-
o, QM

We will prove that f = 0.
Given f, we define the function u € C?(T°M \ T(OM)) by the equality

65)  u(z€) = /.mmﬂmﬂwwawﬁ<@aewa
T (x,§)

where TOM = {(z,£) € TM | £ # 0} is the manifold of nonzero tangent vectors.
This function satisfies the boundary conditions

ulo_om =0
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and
(6.6) u(z, &) =If(x,&) >0 for (x,€) € 0:QM.

The inequality (6.6) is just (6.3).
Since f is solenoidal, the Pestov integral identity for the function u (formula
(4.6.13) of [Sh2]) is:

h v v
/ {|VUI2—Rz‘jszlfkvju'VZU+(n+2)IHu|2 dx

(6.7) oM

- / (L(Lf) — A(Lf) fiy€i09] A5,

0. QM
where H is the vector field on QM that generates the geodesic flow, and L is the
quadratic first order differential operator on the manifold 94 QM which is expressed
in semigeodesic coordinates (2!, ..., 2" "1 2" = distance to the boundary) as follows
(formula (4.6.14) of [Sh2]):
h v h v
(6.8) Lu=£"V% - Vou — £*Vau - V'u.
The heart of the rest of the proof is:

Lemma 6.1. There is a constant C' independent of f and such that

| LD =AU £ 422 < Cl s,

9, QM

We will come back to the proof of this lemma but we first show how the theorem
will follow.
Lemma 6.1, along with (6.7), gives

(6.9) / (Vul? + (n + 2)| Hul2) dS. < / Rijm€€"Viu - Viuds + O f|lc2.
oM oM
The integral on the right-hand side of (6.9) can be estimated by formula (4.7.8) of
[Sh2]:
/ Rij€€"Viu - Viuds < 3k* (n + 2) / \Hul? dS + 3k* / Vul? ds,
oM oM oM

where k* = k*(M, g) is defined by (1.1). With the help of this inequality, (6.9)
gives

h
(1—3k™) / |Vu|?>dY + (n + 2) / |Hul? d2 | < O flle2.
oM oM
Using (6.2) and (6.4), we obtain

h
(6.10) (1— 3k+) /|vu|2dz+(n+2)/|Hu|2dz < Ce|lfI2,.
QM QM
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Finally, the kinetic equation Hu = fi;()£'¢/ implies the estimate
(6.11) 191z, < [ 1P as
QM

with some constant C’ independent of f. Combining (6.10) and (6.11), we arrive
at the final estimate

h
(6.12)  (1—3k) / V2 dS + [(n+2)(1 — 3k, ) — CC'e] / \Hul2dS < 0,
QM QM

Since we can choose ¢ > 0 arbitrarily small, we can choose it so that the coefficients
of both integrals in (6.12) are positive. Therefore (6.12) implies that Hu = 0 and
hence f = 0. The theorem is proved.

Proof of Lemma 6.1. First we transform the integral [ LudX?*"~2 by integra-
0LQM
tion by parts. To this end we rewrite (6.8) as follows:

(6.13) Lu= ai%iu,
where

h h
(6.14) a® =&"Ve, a" = —=£*Vau.

We extract a divergent term from (6.13):

v . v v . v h v h
Lu = V;(ua*) —uVia' = Vi(ua') — £"uVy VU + uV, (£ Vau).
Integrating this equality over 0;Q2M and transforming the first term by Gauss —
Ostrogradskii, we obtain

/ Lud¥®" 2=k / u(€, a) dx?" 2

2, QM 0, QM

v h v h
- / [<§,y>uvavau—uvn(§avau)] ax?n—2,
o, QM
The coefficient k& depends on the degree of homogeneity of a. Its value does not
matter because (£,a) =0 as we see from (6.14). Consequently,

v h v h
/ Ludy?—2=— / [(f,u)uvavau — ufaVnVau] ax?n—2,
2, QM 2, QM
We thus see that
[L(If) —4(Lf)fi;€' 7] d2®"—
2, QM

T / <57V>If-%a%a(ff)d22"‘2

2, QM

(6.15) + / If-g“%ﬁa(lf)dz%—?—zl / If - fi;€v9 as® 2.

0, QM 04 QM
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Some terms in this equation are written by using local coordinates. Nevertheless, all

the integrands are invariant; i.e., they are independent of the choice of coordinates.
We will now estimate each of the integrals on the right-hand side of (6.15).
Using the nonnegativity of I f, we obtain

[ ensSuveanase? <iisle: [ e

. QM 8, QM

Together with (6.4) and (5.2), this gives

(6.16) / (€I - VaV (L) A2 < Ol fllcah
. QM

with some constant C' independent of f.
Applying Lemma 5.3, we obtain

(6.17)

v h
If €V, Va(Lf) dS>2| < O||f||c2 / (€)1 f dS22 = O f]|caA.
8, QM o, QM

The estimation of the last integral on the right-hand side of (6.15),

(6.18) J= / If - fi;€09 ds® =2,
2, QM
is more troublesome because the factor f;;6'07 of its integrand does not vanish

on 9pQ2M (more precisely, we are not able to prove that it vanishes a priori). To
estimate this integral, we introduce the mapping

by putting
(6.20)  @(x,8) =(y,n), where y=1,¢(7-(2,5)), 1= —Hre(T-(z,8)).

It is evident that ® is smooth and ®2 = Id. Consequently, ® is a diffeomorphism.
One can see (Lemma [Cr3]) by a double use of Santalé’s formula and the fact that
the map v — —uv is measure preserving on QM that the absolute value of the

Jacobian on 01 QM \ 9gQM of ® is %; ie.,

(nv(y))  [dE*—2(2,8)
We need to study what happens on the boundary 9yQ2M of 04 QM. The relations
(6.22) yx,&) =z, n(z,§) =-¢ for (z,£) € QM

are evident. We will use the same semigeodesic coordinates as in the proof of
Lemma 5.1. Early in the proof of Lemma 5.1 we saw
oT—

(6.23) - =0, e 2( Zﬁﬁafﬁ)_l
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hold on 9pQ2M. Differentiating (6.20) and using (6.23), we obtain on 9yQM

on" o OT— _
o -1 —Wn? = —1+ 2056 7 (Thpee”) ! = 1.
Since (&,v) = £™ and (n,v) = n™ in the chosen coordinates, the latter relation
implies the representation

(6.24) (n,v) = %

with some ¢ € C*°(04QM). In particular, this means that the absolute value of

the Jacobian of ® (i.e. éf}i;) goes to 1 as (z,§) approaches 9yQM.

We observe that the ray transform is invariant under @, i.e.,

If(yvn)sz(ﬂ?@) for (yan):q)(x7§)'

Using the change of variables (y,n) = ®(z,£) in (6.18), we obtain

J = /(If)(ym)-fij(y)nivj(y)dEQ”*Q(ym)

8, QM

B /(If)(w,é)~fij(y(fcv5))77i(w,£)vj(y(w,£))@dEQ"’Q(w,Q

(n,v)
o, QM
Adding this equality to (6.18), we obtain

Jig((a, O))n' (2, v (y(, €))
(n,v)

(6.25) 27 = / (LF) (@, ) (€. )

8, QM

fij(x)€v7 (x) -2,
+7<§,1/) ax (z,8).

We now need to bound the expression in brackets from above. We rewrite it as
the sum of two terms:

(6.26) 27 = / (LF)(, €) (€, V) (A + B)dS>2(, ),

24QM
where

= July@ )’ (@, v (y(w, §)) + fiy (€)' ()
(n,v)

and

B = fi;(2)€'V (x) Lg,ly) - <77,1V>] '

Equations (6.24) and the compactness of M tell us that the part in brackets of
B is uniformly bounded by a constant independent of f. So B is bounded by a
constant times || f||co.
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Away from 0oQM (ie. (&,v) > constant > 0) A is clearly bounded by a
constant times || f||co. Near the boundary the numerator of A is bounded by
IV fllo(z, y(z,€)) + || fllco|m + &| (where we interpret i + £ as the vector at x with
coordinates (¢! +n')) . Now by Lemma 4.1.2 of [Sh2], p(z, y(z,&)) = |7—(z,€)| <
constant (£, v(x)) and hence the relations (6.24) tell us that near the boundary A
is bounded by a constant times ||f||c:. Thus we see that A is bounded on all of
0+ QM by a constant times || f]|c1.

Combining these estimates with equation (6.26) we get

(6.27) 7] < Clfllon / (€0 f dS22 = O fll 1A

8, QM

Lemma 6.1 (and hence Theorem 1.1) now follows by combining (6.16), (6.17)
and (6.27).

Added in Proof. The hypothesis KT (M, g) < 1/3 of the main theorem can be im-
proved to KT (M,g) < (n+ 3)/(2n 4+ 4) where n = dim M, by a more careful
estimation of the curvature dependent of the Pestov identity. O
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