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This theorem givesus a corollary about the geometric height inequality
which is originally due to Vojta [V].

Corollary 0.3. Given any € > 0, there exists a constant O.(1) depending
on e, s, g and q, such that

hg(P) < (2+ €)d(P) + O.(1).

Vojta conjecturedthat the above inequality holds with (2 + ¢) replaced
by (1+ ¢). By taking n = 1in Theorem 0.1, we get the following geometric
height inequality, a weaker version of which was fisrt proved by Tan [Ta].
For simplicity we still assumef is semistable,the generalcasefollows from
the semistablereduction trick as usedin [Ta].

Corollary 0.4. Assume f is not isotrivial, then
hic(P) < (2g — D)(d(P) + 8) — &/ .

The equality holds if and only if f is isotrivial.

We note that Theorem 0.2is stronger than the Vojta’'s (2+ ¢) inequality,
but it is slightly weaker than the (1 + £) conjectural height inequality. |
hope that a modification of our method can be usedto prove the (1 + ¢)
conjecture. The only trouble comesfrom bounding the number of inter-
sectionsof the n chosendi! erent sectionsin terms of n and the geometric
guartities of the fibration. SeeSect. 3.

For the long history of height inequalities and the importance of the Vo-
jta conjecture, we refer the readerto [La], Chapter VI, or [V2]. Especially
sudh inequalities immediately imply the Mordell conjecture for functional
field.

When n = 0, Theorem 0.1 has the following straightforward conse-
qguence[B], [Tal],

Corollary 0.5. (Beauville Conjecture) If B = CP and f is semistable
and not isotrivial, then s > 5.

Recall that f is called a Kodaira fibration, if f is everywhere of maxi-
mal rank but not a complex analytic fiber bundle map. Let ¢1(X), c2(X)
denote the first and secondChern classesof X. A very interesting conse-
guenceof Theorem 0.1 with n = 0 is the following Chern number inequal-

ity.
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Corollary 0.6. If f is a Kodaira fibration, then

c1(X)? < 3ep(X).

For somespecial Kodaira fibrations, it is proved in [BPV], ppl68, that
c1(X)? < %cz(X). This particularly implies that a Kodaira surface can
not be uniformized by a ball. | wastold by Tan and Tsai that this has
beenunknown for a long time.

The method to prove Theorem 0.1 was first usedin [Liu] to prove the
caseof n = 0. In [Tal], Corollary 0.5 was proved by establishing a weaker
version of the n = 0 caseof Theorem 0.1. Also in [Ta], a weaker version of
Corollary 0.4is proved. His method is algebro-geometricand is completely
di! erert from that of [Liu]. The key technique in [Liu] is the Schwarz-Yau
lemma [Y] and the curvature computations of Tromba [Tr], Wolpert[W]
and Jost [J] for the Weil-Peterson metric on the moduli spacesof curves.
Theorem 0.2 follows from Theorem 0.1 and the stablization theorem in
[Kn]. The interested reader may comparewith the related works by Jost-
Yau [JY] and Kas [Ka].

1. Moduli spaces and the Schwarz-Yau lemma.

We will usethe corventions in [W], [W1] for the geometry of moduli
spaceof semistable curves. Let M, , be the moduli spaceof Riemann
surfacesof gerus g with n punctures. As in [W] or [TZ], we can consider
M, ., asthe moduli spaceof complex structures on a fixed n-punctured
Riemann surface R. _ _

Let 7 : 7,, — M, bethe universalcurve and 7 : 7,, — Mg,
their Deligne-Mumford compactifications by adding nodal curves. The
Poincare metric on ead fiber of 7, ,,, which is a complete metric on the
corresponding n-punctured Riemann surfacewith constart curvature —1,
patchestogether to give a smooth metric on the relative cotangert bun-

de" 7, ./m,.,.- The push-down of " %’ijn/Mg,n by 7 which we denote by
m" %an/Mw, is the cotangert bundle of M, ,,. Recall that for any point
2 € Mg,

n ®2 — 0 n 2
7T! Tg,n/Mg,n|Z = H (R, ? )

where R, = 7—(z) and " , denotesthe cotangert bundle of R,.
The Poincare metric on ead fiber induces a natural inner product on

n ®2 . ..
My therefore on the tangent bundle of M, ,, which is just the

well-known Weil-Petersonmetric on M, ,, [W], [TZ].
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Lemma 1.1. The holomorphic sectional curvature of the Weil-Peterson

metric on My ,, is negative and strictly bounded from above by — W

Proof. This is basically dueto [W], [J] and [Tr]. We follow the argumernt of
[W]. Let u, beatangent vector on M, ,,. We know that ., is represered
by a harmonic Beltrami di! erertial [TZ], [W]. Let dA denote the volume
elemen of the Poincare metric on the n punctured Riemann surface. As-
sume i, is a unit vector, then we have < jiq, po >= [5 |ta]?dA = 1 with
respect to the induced metric. The computations in [W] and [J] actu-
ally tells usthat the holomorphic sectional curvature of the Weil-Peterson
metric is given by
_Ra&a& = -2< A’NOC|27 ‘:U’Oé‘z >

where A = —2(Dg —2)~* with Dy the Laplacian of the Poincare metric on
the n-punctured Riemann surface. Considerthe orthogonal decomposition

pal?= ) i+ E
j

in terms of the eigenfunctionsof Dy on R. Here E' is an Eisenstein series
which belongsto the cortinuous spectrum of Dg, and ¢, is the eigenfunc-
tions of Dy with eigervalue A\;. Note that \; < 0 and the continuous
spectrum is contained in (—oo, —%]. So E only has negative cortribution
to the sectional curvature. Let ¢y be the constant function term in the
above decomposition, we then have

—Rogaa < 42 <Vi %> < =2 <o, >= 2108/ dA.
R

Aj—2
Since
/wodA: / la|?dA =1 and /dA: 2r(2g — 2+ n)
R R R
we get 1y = m which is the required result. As in the n = 0 case

in [W], this upper bound can not be adchieved. O

Note that the relative cotangert bundle " 7. /4, . is aline bundle on
T,.n. Its extensionto 7, ,, isthe unlversalduallzmg sheaf. Let c1(" ) denote
its first Chern form with respect to the Poincare metric for n-punctures
Riemann surface. Let , denote the push-dowvn of cohomologyclassby T,
i.e. the integral along a genericfiber of = and wy p the Kahler class of
the Weil-Peterson metric. The following lemma is also implicitly proved

in [W], [W1] or [TZ].
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Lemma 1.2. On M, we have

@ mea(" ) = 5opewr.

Furthermore as currents my(c1(")?) and wwp can be extended to /\7197,1,
and (1) still holds as an equality of currents on My ,,.

Proof. Equality (1) for punctured surfaceis proved in [TZ], formula (5.3),
following the argumert of [W], Corollary 5.11.

It is easyto seethat the metric on " 7, /., IS good in the senseof
Mumford, from [W1], pp420, we know that (1) can be extendedto M, ,,
and ascurrents c1(" ) is continuouson 7, ,,, and represerts the first Chern
classof the universal dualizing sheafof = : 7,, — M. Also wy p has
very mild sigularity near the compactification divisor M, ,, — M, ,,, and
ascurrent on M, , it is the limit of smooth positive Kahler forms in its
cohomologyclassin H?(M, ., Q). O

We will denote by wy p and respectively 7, (c1(" )?) the extensionsof
wwp and m.(c1(")?) to M, ,,. SoLemma 1.2tells usthat, ascurrents on
Mg ., we have

@ Ter(" ) = 5opbwr

Note that M, ,, is a V-manifold [W1]. The following lemma is a slight
refinemen of a special caseof the generalScwarz-Yau lemmain [Y], and
the proof is implicit in [Y], pp.201.

Lemma 1.3. Let M be a complete Riemann surface with curvature boun-
ded from below by a constant Ky. Let N be an Hermitian V -manifold with
holomorphic sectional curvature strictly bounded from above by a negative
constant K,. Then for any non-constart holomorphic map from M to N,
one has

K
ffwn < f;wM.

Where wyr, wny denote respectively the Kahler forms of M and N.

Proof. All of the computations in [Y] is done on the domain manifold M,
sothe formula (21) in [Y] still holds even when N is a V-manifold. Next
by taking lower limit of ¢ — 0 on both sidesof the formula (21) in [Y] and
then substitute in the bounds for curvatures. O

In fact we only needthe following integral versionof the above inequality

« Kl/
/Mf NS, y M
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Now we comebacdk to the semistablefamily introducedat the beginning
of the paper. By deleting the n sections,we canview f: X — B asa
family of n-punctured Riemann surfaces.Let ci1(" x,p) bethe first Chern
form of the relativ e cotangert bundle with respectto the complete Poincare
metric on the n-punctured Riemann surface. Of courseci(" x,p) is first
computed on the smooth part X — f~1(S), then sincethe Poincare metric
is good in Mumford sense,asin Lemma 2, it can be extendedto X asa
current and represens the first Chern classof the relative dualizing sheaf
of the n-punctured family. Let wx,p be the relative dualizing sheafof f
consideredas a family of compact Riemann surfaces,and D be the divisor
of sections. We will also usewy,z and D to denote their corresponding
first Chern classes.Let () be the rational number field.

Lemma 1.4. As cohomology classes in H*(X,Q), we have

a(" x/B) = wx/p+ D.

Proof. Let R be a Riemann surfacewith n punctures, and R be its com-
pactification. Let ¢;(" ) g be the first Chern form of the cotangent bundle
of R with respect to the complete Poincare metric on R. Let ¢i1(" )z the
first Chern classof the cotangert bundle of R, then as currents on R we
obviously have

ca(")r=ca(")g+ o

where § is the delta-function of the punctures.
Lemma 1.4 is just a family version of this formula. O

2. The proof of Theorem 0.1

Now we can prove Theorem 0.1. Let f : X — B be the family of
semistablecurveswith n mutually disjoint sections{C;}. Then f induces
a holomorphic map

h: Bﬂj\;lg,n.

Let S denote the set of points over which the fibers are singular. Then s
is just the number of points in S. Since f is not isotrivial, from Lemma
1.3 we know that s > 3 whenq¢ = 0and s > 1 when ¢ = 1[Liu], otherwise
we must have ¢ > 1. Hererecall that ¢ is the gerus of B. The restriction
of h to B — S inducesa holomorphic map

hoZ B—S—M/\/lg’n.

Equip B — S with the complete Poincare metric whoseKahler form we
denote by wp. On M, ,, we have the Weil-Peterson metric wy p. Recall
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that the Poincaremetric hasconstart curvature —1. By applying Lemmas
1.1,1.3to hg, onehas

howwp < (29 — 2+ n)wp.

Integrate over B — S, we get
/B . howwp < (29 —2+ n) - 21(2q — 2+ s).
Now Lemma 1.2 tells us
| tgowr= [ 0Gwr=2 [ 0FeC P)=22 [ el xs)
B-S B B B

where c1(" x,p) is the first Chern classof the relative dualizing sheaf of
f: X — B with respectto the Poincare metric for n-punctured Riemann
surface.

From Lemma 1.4 we get

[ 2aC s = [ aC xp?= @+ D2
B X
This finishesthe proof of Theorem 0.1.

3. The proof of Theorem 0.2

Let d = dp = [k(P) : k]. We considerthe pull-back family by r : Cp —
B which givesus a semistablefamily fp: Xp — @p.jhe pull-back of the
horizontal curve Cp splits into d sectionsof fp. Let S be the union of the
set of points in C'» where r ramifies and those points where the fibers of
f: X — B aresingular. Then thesed sections,which we denoteby {C;},
intersect only over the fibers above S. Let D denote the divisor > Cj-

It is easyto seethat the number of points in S is at most b+ ds. Here
recall that b is the number of points where r ramifies and s is the number
of singular fibers of f.

By usingthe stablization theoremin [Kn], Theorem 2.4, we get a family
of semistabled-punctured curves f : Yp — Cp. The singular fibers of f
are those above S. There is a fiberwise cortraction map ¢ : Yp — Xp
sud that the d mutually disjoint sectionsof f, {C;}, are mappedto {C;}
correspondingly. Let uswrite D = Y. C;.

By applying Theorem 0.1to f, we get
(wYP/é’p + b)Z < (Zg — 2+ d)(za — 2+ b+ ds)

where ¢ denotesthe gerus of f}'p.
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Lemma 1.6 in [Kn] tells us that
@y, 0 + D)? = (wxpjcp + D)

We deducefrom this the following inequality

d
Wapjop D wy/cp - Cj < (29— 2+ d)(27— 2+ b+ ds).
j=1

Now w% /¢, = dwi,p, and wx, ¢, - Cj = wx,p - Cp. Therefore we

have
dwg(/B + dwx/p-Cp < (29 —2+ d)(2G— 2+ b+ ds).
Divide both sidesof the inequality by d?, we get
2

29— 2 b wx/B
+ -+ 5)—
ey + L -

which is exactly Theorem 0.2. O

hrx(P) <1+

4. The proofs of the corollaries

To prove Corollary 0.3, we take a large integer N such that, when
d> N, %% < ¢, The Hurwitz formula tells us that b < 23 — 2. Sowe get
from Theorem 0.2,for d > N

hi(P) < 2+ €)d(P) + A

2
where A= s(1+ 5) — WZ/B.

Next we take another large number L sud that for any algebraic point
P of degreelessthan N, one has hx(P) < L. Obviously L. dependson
N, therefore ¢, s and ¢q. Then the inequality in Corollary 0.3 holds with
O.(1)= A+ L.

To get such L, we make a basechange of degreeN!, = : ¢ — B and
let f: X — C bethe pull-back fibration. Then for any algebraic point P
of degreed < N, Cp xp C givesa sectionof f. By applying Theorem 0.1
to f with n = 1, we get

P
hie(P) < @9~ D250 — R
where g and 3 are respectively the gerus of C' and the number of singular
fibersof f. Take L to bethe number on the left hand side of this inequality,
we are done.

Next we recall the following well-known formulas for the Chern numbers

of a semistably fibered algebraic surface f : X — B:

a(X)?=wk 5+ 8(g—1)(q—1), ca(X) = Hg—1)(q— 1)+ §
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where ¢ is the number of double points on the fibers. With these two
formulas we seethat Corollary 0.4 follows from Theorem 0.1 by taking
n = 1 while Corollary 0.6 follows by taking n = 0.

The proof of Corollary 0.5 follows from a result of Beauville [B] and
Theorem 0.1 with n = 0. In fact Beauville proved that s > 4 and s = 4 if
and only if x(Ox) = 1. On the other hand we have the following inequality

4 _
degf*wX/B < (4 — g) 1w§</B

proved by Xiao and Harris-Cornalba. Then recall that

dedfiwx/p = x(Ox) — (g — 1)(¢ —1).
By taking n = 0in Theorem 0.1, we get

MOx) + g —1< 5(-2+ 3)
which givess > 4.
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