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FOR DISCRETE DYNAMICAL SYSTEMS1 

BY J. W. ROBBIN 

ABSTRACT. Topological conjugacy and various concepts of structural 
stability are defined, motivated, and criticized. Two basic problems 
emerge: characterization of structural stability and classification up 
to topological conjugacy. Solutions to these problems are outlined for 
linear automorphisms and the general characterization problem is 
discussed. 

This paper is an expanded version of an invited address given at the 
summer meeting of the American Mathematical Society in September, 
1971. Much of the material here was also covered in a series of lectures 
given at the Institut des Hautes Etudes Scientifiques in the fall of 1971. 

Our notation is that of [2] and [3]. M always denotes a smooth (C00), 
finite-dimensional manifold, sometimes but not always compact, and 
always without boundary. TM denotes the tangent bundle of M and for 
x e M, TJA denotes the tangent space to M at x. If h : M -» M' is a C1 

map, then Th : TM -> TM' denotes the tangent map of h and for xeM, 
Txh:TxM -* THx)M' denotes the tangent (= derivative) to h at x Thus 
if x e TJSd is the tangent vector at 0 to a curve c : R -*• M with c(0) = x 
then (Txh)x is the tangent vector at 0 to the curve hoc:R-> M'. R always 
denotes the (additive group of) real numbers and Z the (additive group of) 
integers, and C denotes the complex numbers. By a diffeomorphism we 
always mean a C1 diffeomorphism; i.e. a map h:M -» M' which is bi-
jective and such that both h and h"1 are C1. We denote by DiflF(M) the 
group of all C1 diffeomorphisms of M (Le. from M onto M); the group 
operation is, of course, composition. 
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The paper begins with a long introduction (§1) where the basic de­
finitions and problems are defined and motivated. I have tried there to 
explain how the concept of structural stability might be useful in practical 
applications and I have given several definitions of the concept and in­
dicated some of their weaknesses. The two basic problems defined there 
(Problems I and II of §1.E) are those of characterizing structural stability 
and classifying dynamical systems up to topological conjugacy. In §§2 
and 3 I indicate solutions of these two problems for the case of linear 
automorphisms; the bulk of the rest of the paper is devoted to the problem 
of characterizing structural stability on an arbitrary compact manifold. 

During the preparation of this paper I was supported by the National 
Science Foundation (contract 144-B695), the Wisconsin Alumni Research 
Foundation (project 120432), and the I.H.E.S., and I would like to express 
my gratitude to this support. I would also like to thank the I.H.E.S. and 
its director N. Kuiper for their hospitality. Thanks also to R. Abraham 
for reading and criticizing a first draft of the introduction. 

The present paper develops some of the ideas in the important survey 
article of Smale [51]; the interested reader will doubtless want to consult 
this reference. 

1. Introduction. 
1A. The concept of a dynamical system. In physics, a dynamical system 

is usually described by an ordinary differential equation; i.e. a vector field 
on a manifold M. Under suitable hypotheses the vector field generates a 
"flow" on the manifold; i.e. a group homomorphism 

*-*Diflf(M) :*-•ƒ' . 

The study of the topological properties of such flows is called "the qua­
litative theory of differential equations". 

The discrete analog of a flow is a group homomorphism 

Z^Diff(M):n^/ M . 

Such a group homomorphism is called a "cascade" in [5]; it is completely 
determined by its generator/. This generator is the discrete analog of the 
"infinitesimal generator" (i.e. the vector field) of a flow. Thus for us a 
discrete dynamical system on a manifold M is simply a C1 dififeomorphism 
ƒ from M onto itself; i.e. an element of Diff(M). 

We shall give Diflf(M) the C1 topology (the C1 fine topology if M is not 
compact: see [26]). With this topology, Diff(M) is an open subset of 
C1(M,M)(see [26]). 

The starting point for a topological theory of discrete dynamical 
systems must be a notion of "topological equivalence" of two systems. 
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1.1. DEFINITION. Let M and M' be smooth manifolds and/G Diff(M) and 
g e Diff(M'). Then ƒ and g are topologically conjugate iff there exists a 
homeomorphism q>:M -> M' such that # = cpo focp'1. Such a homeo-
morphism q> is called a topological conjugacy between ƒ and g. 

We shall also say that ƒ and g are differentiably conjugate and that <p 
is a differentiable conjugacy between ƒ and g in case (p satisfying 1.1 is a 
diffeomorphism. However, we shall soon see that this notion is far too 
strong for stability problems. Thus the word "conjugate" unmodified 
shall always mean "topologically conjugate". 

Note that if q> is a conjugacy between/and g, then it is also a conjugacy 
between ƒn and g" for neZ: 

(1) tf = q>of"o<p-i. 

Thus, in particular, (p maps periodic points of/to periodic points of g. 
We might expect that the appropriate equivalence relations for flows f 
and g* should be 

(2) 0< = < p o / < o < p - i 

for teR. This will not do; if we reparameterize a flow ƒ' by slowing it 
down a tiny bit to obtain a flow g\ then ƒf and ç} will not be equivalent 
in the sense of (2) as the periods of periodic orbits have changed. Nonethe­
less, the reparameterization has not changed the qualitative picture in any es­
sential way. Thus a good definition of equivalence for flows must be more 
complicated than (2); this is why the discrete theory is much simpler than the 
continuous theory. Many different definitions of equivalence for flows 
have been proposed (see [42]). Of course, (2) could be a reasonable def­
inition for flows without periodic orbits; e.g. gradient flows. 

If/and g are topologically conjugate, then they have exactly the same 
topological properties; conversely, to show that particular ƒ and g are 
not conjugate, one exhibits a topological property of/which fails for 
g. We illustrate this with some simple examples where M = M' = R. 

1.2. EXAMPLE, ƒ (x) = 2x, g(x) = 8x for xeR. f and g are conjugate; 
a conjugacy cp :/?->/? is given by cp(x) = x3 for xeR. Note that ƒ and g 
are not differentiably conjugate, for if <p(2x) = 8<p(x) and q> is differen­
tiate, then <p{0) = 0 and D<p(0) = 0. 

1.3. EXAMPLE. f(x) = 2x, #(x) = -2x. ƒ and g are not conjugate as ƒ 
preserves orientation and g reverses orientation. 

1.4. EXAMPLE. f(x) = 2x, #(x) — ^x. ƒ and g are not conjugate as 
l im^^ gn(x) = 0 G R for all x e R while l im^^ fn(x) = oo 4 R for x # 0. 

1.5. EXAMPLE. f(x) = ax, g(x) = bx where a,beR {0,1,-1}. Com­
bining the ideas of the previous examples we see that ƒ and g are conjugate 
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if and only if a and b belong to the same component of R\{091, — 1}. 
When this is so a conjugacy cp between ƒ and g is given by (p(x) = Xe where 
\a\c = \b\. In §3 we will generalize this example from R to Rm, 

IB. Structural stability. We now turn to the notion of structural sta­
bility which is motivated by the following metaphysical2 problem: 
Suppose a physicist has a physical theory which assigns to each physical 
system S of a certain type a manifold M whose points are to represent the 
possible states of S and a dynamical system g e Diff (M) which describes 
the evolution of S in (discrete) time. The system g will depend on certain 
parameters (e.g. masses of particles) which must be determined by meas­
urements subject to experimental error. Also the theory may only be an 
approximation to a better theory (e.g. classical approximation to a more 
exact relativistic theory) and this also introduces error. 

Given a physical system S our physicist performs the measurements 
and applies the theory to obtain a dynamical system ƒ, but because of the 
error mentioned above, all he (or she) knows about the "true system" g 
(the one which accurately describes S) is that it is close to ƒ ; i.e. g lies in 
a certain neighborhood N of ƒ where the size of N is determined by the 
error. 

The physicist will make predictions of the qualitative behavior of the 
system S by studying ƒ, but the system is actually described by g which 
he does not (and cannot) know. His predictions are worthless if g is ra­
dically different from ƒ. He would therefore be happy to know that g 
is conjugate to ƒ. This will be true if ƒ is structurally stable and the error 
neighborhood N is sufficiently small. 

1.6. DEFINITION. Let M be a smooth manifold and/e Diff(M). Then/is 
structurally stable iff there exists a neighborhood N of ƒ in Diff(M) such 
that every g e N is topologically conjugate to ƒ. 

To the best of my knowledge, this definition (or rather an analogous 
one for flows) is due to Andronov and Pontrjagin [4]. 

WTe shall now consider some examples. The fundamental intuition is 
this: A system is structurally stable iff its qualitative behavior is unchanged 
by a small perturbation. 

1.7. EXAMPLE . Let ƒ rotate the two-sphere S2 through angle 9 = 2n/3. 
Thus ƒ 3 = identity. If g rotates S2 through angle 6 + e, then g3 ^ id. 
Hence ƒ is not structurally stable. Similar considerations show that no 
rotation of a sphere is structurally stable. 

1.8. EXAMPLE. Identify the two-sphere S2 with the extended complex 
plane: S2 = C u {oo}. Let ƒ : S2 -• S2 be 

2 The word metaphysical is here taken in its most literal sense. 
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ƒ (z) = 2z, z e C, 
/(oo) = oo. 

This diffeomorphism is called the "north pole-south pole map"; if 0 
is the "north pole" and oo is the "south pole", then the poles are the only 
fixed points and every point not a pole tends to the south pole under 
positive iteration and to the north pole under negative iteration; i.e. 

lim fn(x) = oo, lim f-\x) = 0, 
« - • o o « - •oo 

for x ^ 0, oo. See Figure 1. 

O = /(O) = 0tt» 

oo = / (oo) = (f){oo) 

FIGURE 1. The north pole-south pole map on S2. 

The north pole-south pole map is structurally stable. This follows 
from the general theorem described below (§ 9) but the reader may want 
to amuse himself by finding a direct proof. 

This example illustrates an important technical difficulty in proving 
structural stability; Conjugacies between ƒ and a perturbation g of ƒ need 
not be unique. To illustrate this take ƒ = g. Let h : S1 -> S1 be continuous 
and "suspend" h to obtain cp:S2 -+ S2: 

(p(z) = rh(eie), <p(co) = oo, 

for z = rew G C Then ƒ o cp = q>of and <p is a homeomorphism if and 
only if h is.. In particular, for g close to ƒ we can find solutions cp of g o <p = 
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(pof which are close to the identity and not homeomorphisms. To prove 
structural stability one usually "splves" for (p in this equation g o (p == cp o ƒ 
and then shows that (p is a homeomorphism. The example shows that one 
must be careful about the particular solution (p which one takes. 

1.9. EXAMPLE. A continuous group automorphism of the torus Tm = 
Rm/Zm is described by an m x m integer matrix with determinant ± 1. 
If this matrix has no eigenvalue of complex modulus 1, then the auto­
morphism is called a "hyperbolic toral automorphism". The periodic 
points of such an automorphism are dense; indeed any point with ra­
tional coordinates is periodic. The simplest example is found by taking 
the matrix {\ {). 

Hyperbolic toral automorphisms are examples of Anosov diffeomor-
phisms and by the theorem of Anosov (see § 4) they are structurally stable. 
In contrast to Example 1.8, the conjugacy (p is unique (provided that it 
is sufficiently close to the identity). 

1C. Quantitative problems. Suppose as before that a physicist is stud­
ying a physical system S whose possible states are represented by the 
points of a smooth manifold M and with dynamics g G Diff (M). Thus if 
yeM represents the state of the system S at time t = 0, then gn(y) repre­
sents the state of the system at time t = n. As before, the physicist measures 
g and obtains ƒ G Diff (M) and an error neighborhood N of ƒ (so that 
g e N). If he wants to make quantitative (as well as qualitative) predictions 
based on ƒ, he will have to know not only that g is conjugate to ƒ but also 
how far the conjugacy (p between ƒ and g is from the identity. (We will 
illustrate this below.) This motivates the following: 

1.10. DEFINITION.3 ƒ G Diff (M) is strongly structurally stable iff for every 
neighborhood N0 of the identity in C°(M, M) there is a neighborhood 
N of ƒ in Diff(M) such that for all g e N there exists a homeomorphism 
q>e N0 which is a conjugacy between ƒ and g. 

(The appropriate topology on C°(M, M) is the compact-open topology 
which reduces to the C°-topology when M is compact.) 

We next give an example to show how our physicist might use this 
definition. 

Let M be compact and d be a metric on M. This determines a metric 
d0 on C°(M, M) by 

d0(<P, *A) = sup d{(p(x), \j/(x)) 
xeM 

for <p,i// G C°(M,M). 
Suppose the measured system ƒ has a fixed point peM with open basin 

3 It is reasonable to conjecture that strong structural stability is equivalent to structural 
stability; there is no known counterexample to this conjecture. 


